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Abstract Oceanic internal waves are often thought to be ineffective in stirring and mixing tracer fields such
as heat, salt, carbon, and other nutrients. Due to their oscillatory nature, waves are expected to merely displace
tracers periodically around their mean position. However, observations of enhanced lateral tracer dispersion at
submesoscales (<10 km), where energetic internal waves are abundant, urge better understanding of the role of
waves in dispersing oceanic tracers. Using theoretical and numerical methods, this study examines the impact of
waves and their amplitudes on the lateral dispersion of passive tracers. We show that two or more waves can
irreversibly stir and mix tracers. A broadband spectrum of waves further enhances stirring and mixing. Tracer
dispersion in general is seen to become more efficient with increasing amplitude of waves. These findings stem
from kinematic non‐interacting waves and dynamic nonlinearly interacting waves. Our results highlight the
effectiveness of finite‐amplitude internal waves in tracer stirring and underscore the need to resolve or
parameterize wave‐induced lateral mixing in large‐scale ocean models.

Plain Language Summary Oceanic internal waves are often thought to be poor at mixing heat, salt,
carbon, oxygen, and nutrients in the water. This idea comes from the belief that a single wave can only move
these tracers back and forth, without actually spreading them out. However, real ocean data and numerical
models show that mixing is stronger at small scales, less than 10 km, where internal waves are common. Even
so, it's still unclear whether these internal waves truly help spread tracers around. In this study, we look closely
at how waves affect the movement of tracers in wave‐rich environments using both kinematic and dynamic
models. We find that two plane waves moving in different directions can cause irreversible mixing of tracers.
When we add more waves and increase their amplitudes, mixing becomes stronger. We also use two dynamic
models that can mimic real ocean wave conditions. Tracers in these flows are dispersed and mixed effectively
and increasing wave amplitudes showed enhancement in tracer dispersion. These results suggest that wave
effects are more important for lateral stirring and mixing than was previously thought, and should be included in
large‐scale ocean models to improve accuracy.

1. Introduction
Oceanic flows span nearly eight decades of spatial scales, from basin‐scale motions spanning thousands of kil-
ometres where the flow is energized to centimetre‐scale motions where the flow energy is dissipated. The tur-
bulent flow is involved in transporting and dispersing tracers such as salinity, temperature, carbon, oxygen, and
other nutrients introduced at large scales, cascading them across decades of scales before they mix at the smallest
diffusive scales. This tracer transfer and mixing occur both along and across surfaces of constant density, referred
to as isopycnal and diapycnal mixing, respectively. Diapycnal dispersion and mixing involve departure from
geostrophic and hydrostatic balances, with intermittent patches of small‐scale turbulence caused by internal wave
breaking that drives the mixing process (Gregg et al., 2003; N. Jones et al., 2020; Katsumata et al., 2021;
Kunze, 2017; J. R. Ledwell et al., 2011; Müller & Briscoe, 2000; Naveira Garabato et al., 2004; Waterhouse
et al., 2014; Whalen et al., 2020; Whitwell et al., 2024). In contrast, isopycnal mixing is prominent at large scales
where balances are dominant and mesoscale eddies are thought to be the primary drivers (R. Abernathey
et al., 2022; J. Ledwell et al., 1993; J. R. Ledwell et al., 1998). In coarse resolution global ocean models, the
stirring effects of these eddies are typically parameterized through prescribed isopycnal diffusivity values (Gent
& McWilliams, 1990; Redi, 1982). Observations and numerical analyses reveal pronounced spatial and seasonal
variations in isopycnal diffusivity (R. P. Abernathey & Marshall, 2013; Zhurbas & Oh, 2004), and these varia-
tions have been shown to strongly influence oceans' carbon uptake, the ventilation of low‐oxygen waters, and
large‐scale circulation patterns (Booth & Kamenkovich, 2008; Gnanadesikan et al., 2013, 2015; Holmes
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et al., 2022; C. Jones & Abernathey, 2019; McWilliams, 2008). While different pragmatic approaches are used in
models, at present there is no clear consensus on the appropriate isopycnal diffusivity values or the suitable three‐
dimensional spatial structure for the diffusivity field required to capture isopycnal mixing in coarse‐resolution
global ocean models (Holmes et al., 2022).

Going below mesoscales, considerable lateral tracer stirring occurs at submesoscales, as revealed through several
observational campaigns (Balwada et al., 2024; J. R. Ledwell et al., 1998; Klymak et al., 2015; Kunze et al., 2015;
Shcherbina et al., 2015; Spiro Jaeger et al., 2020). For example, while analyzing the variance of spice, a passive
tracer field formed by the linear combination of temperature and salinity, Spiro Jaeger et al. (2020) observed a
steep spectra for the variance of spice, indicating enhanced stirring and mixing of spice. Furthermore, studies of
upper‐ocean thermohaline structures found more efficient tracer stirring at submesoscales than those predicted by
quasi‐geostrophic theory (Cole & Rudnick, 2012; Cole et al., 2010; Ferrari & Rudnick, 2000). Although these
investigations are unable to pinpoint the precise causes of enhanced stirring effects seen at submesoscales, stirring
by ageostrophic flow components, including internal gravity waves, is considered to be one of the possible causes.
This hypothesis of enhanced stirring by internal waves at submesoscales also correlates with in situ measurements
and satellite altimetry data sets from the past few decades indicating that energetic internal waves are prevalent at
submesoscales in many regions of the world's oceans (M. H. Alford, 2003; Lien & Sanford, 2019; Pinkel, 2014;
Qiu et al., 2018; Tchilibou et al., 2018; Torres et al., 2018; Vladoiu et al., 2024; Watanabe & Hibiya, 2002).

Despite repeated confirmations on the existence of energetic internal waves at submesoscales, the impact waves
have on tracer stirring has been conventionally considered to be weak. Because of the oscillatory nature, wave
fields are generally assumed to merely move tracers back and forth about their mean position, producing no net
transport at leading order (Buhler & Holmes‐Cerfon, 2009; Polzin & Ferrari, 2004). Regarding this process Polzin
and Ferrari (2004) says “In contrast to fully developed turbulence, the internal wave field is inefficient at
dispersing tracers. A single internal wave is nondispersive in the sense that tracer particles wind up at their
original positions after a wave period, and thus experience no net displacement. Dispersion by internal waves
appears only as a second‐order Stokes drift effect, due to nonresonant wave‐wave interactions.” Consistent with
this notion, several studies which examined wave fields' influence on tracer particle motion in inviscid regimes
concluded that only the nonlinear, second‐order corrections to the velocity field which arise from wave–wave
interactions, play a significant role in setting the particle diffusivity (Buhler & Holmes‐Cerfon, 2009; Bühler
et al., 2013; Holmes‐Cerfon et al., 2011; Sanderson & Okubo, 1988). Assuming that leading order wave effects
make only a negligible contribution to tracer transport, these studies showed that the effective diffusivity scales
with higher order powers of the wave amplitude.

Shear dispersion is another mechanism by which waves could induce a lateral diffusivity for tracers (Young
et al., 1982), this mechanism needing diffusive effects to come in to play. Young et al. (1982) showed that the
interaction of vertical diffusion and vertical shear of the wave field leads to an increased horizontal diffusion of
the tracer field and this is identified as shear dispersion. Thus, it is the combined effect of internal wave vertical
shear and the vertical diffusion that leads to the enhanced lateral mixing of the tracer field. Consequently, shear
dispersion mechanismwill be absent in the inviscid limit where there is no vertical diffusion. Additionally, studies
point out that shear dispersion cannot account for the enhanced submesoscale diffusivity found in observations
(J. Ledwell et al., 1993; J. R. Ledwell et al., 1998; Shcherbina et al., 2015). Shcherbina et al. (2015) for instance
observed O(1) lateral diffusivity values for the tracer field at submesoscales, which is much higher than the
estimates predicted based on shear dispersion.

As emphasized earlier, the above described secondary mechanisms involving waves and tracer stirring ignore the
role of first order stirring by internal gravity waves, which could have an impact in wave‐rich oceanic regions. In
this study we explore stirring by internal waves using theoretical and numerical approaches. We study tracer
dispersion using kinematic wave fields, constructed so as to avoid nonlinear wave interactions, and dynamic
models that have nonlinear interactions. These collection of models allow us to explore tracer stirring by waves of
different amplitudes across broad parameter regimes.

The plan of the paper is as follows: Section 2 presents theoretical and numerical analysis of tracer dispersion by a
single wave, two waves, and three waves, Section 3 discusses numerical results on the dispersion of tracers by a
spectrum of non‐interacting waves, Section 4 presents results from dynamical models, and in Section 5 we
conclude with a detailed summary and implications of our findings.
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2. Tracer Dispersion by Discrete Waves
Much of the phenomenological mechanisms of tracer stirring in three dimensions can be captured by two
dimensional models as well. We will therefore start with a passive tracer field θ being advected by an incom-
pressible two dimensional flow v = (u,v), u and v being the x and y velocity components. The tracer advection
equation is

∂θ
∂t

+ v ⋅∇θ = 0. (1)

In the above equation, θ and v depend on the position vector x = (x,y) and time t. The operator∇ = (∂/∂x,∂/∂y)
is the two dimensional gradient operator. Since we consider an incompressible flow, we have ∇ ⋅ v = 0.

Equation 1 conserves tracer variance integrated over the whole domain D as

dΘ
dt

= 0, Θ(t) =
1
2
∫
D
θ2 dx (2)

where Θ is the domain integrated or net tracer variance and θ2 is the pointwise tracer variance.

For our kinematic experiments, which will be discussed in the subsequent sections, we obtain the velocity fields
using a streamfunction formulation such that, by construction, the velocity fields satisfy the incompressibility
condition. If the streamfunction is represented as ψ(x, t), then the velocity field v = (u,v) =

∇⊥ψ = (− ∂ψ /∂y,∂ψ /∂x), where ∇⊥ = (− ∂/∂y,∂/∂x) is the perpendicular gradient operator.

Oceanic waves fields are often composed of dominant discrete waves such as inertial waves, first baroclinic mode
tides, etc., and their harmonics that stand out in a typical oceanic frequency spectra (M. Alford et al., 2016;
Arbic, 2022; Polzin & Lvov, 2011; Nelson et al., 2020). Consequently, we will first look at tracer stirring by a few
discrete waves, before focusing on a broad spectrum of waves.

2.1. Single Plane Wave

To obtain a single plane wave we set the streamfunction to be

ψ(x, t) = ϵ( ei(k ⋅ x− ωt+ϕ) + e− i(k ⋅ x− ωt+ϕ)) = 2ϵ cos(k ⋅ x − ωt + ϕ), (3)

where ϵ is a real number representing the wave amplitude and ϕ is the phase associated with the wave. Small
amplitude waves will have ϵ ≪ 1 and waves with ϵ = O(1) are what we will call order‐one or finite amplitude
waves. In Equation 3, k = (kx,ky) is the wavenumber vector along the propagation direction of the wave and ω is
the wave frequency. This wave frequency can be any arbitrary function of the wavenumbers kx and ky. Here, we
will present results for the dispersion relationship:

ω2 = 1 + k2 (4)

where k =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2x + k2y
√

. This functional form for ω is inspired from the dispersion relation of hydrostatic Bous-

sinesq internal waves, which in dimensional form reads: ω2 = f 2 + N2k2/ k2z , with f being the inertial fre-
quency, N the constant buoyancy frequency, and kz the vertical wavenumber. When kz is fixed, such as first
baroclinic mode for tides or a high mode for near‐inertial waves, ω depends on the horizontal wavenumber as
ω2 = f 2 + c2k2, where c = N/ kz. This form is similar to Equation 4 if we set f = c = 1, following non‐
dimensionalization of variables. Furthermore, our choice in Equation 4 also mirrors the linear rotating shallow
water (RSW) system where the inertia‐gravity waves satisfy the dispersion relation in dimensional form as
ω2 = f 2 + gHk2, where g is the acceleration due to gravity and H is the mean layer thickness. This particular
form also simplifies to Equation 4 if we choose f = gH = 1, moving to a non‐dimensional form.

The velocity field corresponding to Equation 3 is
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v = ∇⊥ψ = (−
∂ψ
∂y
,
∂ψ
∂x

) = (2ϵky sin(k ⋅ x − ωt + ϕ), − 2ϵkx sin(k ⋅ x − ωt + ϕ)). (5)

Using above velocity field in Equation 1 gives

∂θ
∂t

+ 2ϵky sin(k ⋅ x − ωt + ϕ)
∂θ
∂x

− 2ϵkx sin(k ⋅ x − ωt + ϕ)
∂θ
∂y

= 0. (6)

Above equation can be solved analytically using the method of characteristics (MOC) for an arbitrary tracer initial
condition θ0(x,y) (see Appendix A for details) and the solution takes the form

θ(x, t) = θ0(x −
2ϵky
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)],

y +
2ϵkx
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)]).
(7)

Notice that in Equation 7, time dependence enters only through the phase of the cosine terms, implying that the
time‐evolving tracer field will return exactly to its initial state, θ0(x,y), whenever ωt is an integer multiple of 2π.
This indicates that in a flow composed of a single plane wave, the tracer field is not stirred and mixed. Rather the
tracer undergoes oscillations about its initial position. It is also evident from Equation 7 that, for a given k, the
wave amplitude ϵ influences only the extent of tracer field stretching. For small values of ϵ, the tracer field
undergoes only slight stretching in x and y directions, resulting in a small maximum displacement before it returns
to its initial state. As ϵ increases, this maximum excursion becomes larger. Nevertheless, the tracer field always
recovers its original configuration, and the period of return is independent of the value of ϵ.

To illustrate above mentioned dynamics, we choose an example case where the wavenumber vector k = (1,0),
ϕ = 0, ϵ = 1, and the frequency ω is computed from Equation 4. For the chosen k, ω =

̅̅̅
2

√
which implies that

the time period over which the tracer returns to its initial state is τ =
̅̅̅
2

√
π. We used two different initializations

for the tracer field, (a) a localized Gaussian blob, θ0(x,y) = (1/2σ2) exp ( (− (x − π)2 − ( y − π)2)/ (2σ2)) with
σ = 0.4 and (b) a broadly distributed sinusoidal structure, θ0(x,y) = sin x cos y.

In the first row of Figure 1, for the Gaussian blob initialization, we use the analytical solution Equation 7 to plot
snapshots of the tracer field at different times. Notice that the tracer field undergoes some stretching and then
returns to its initial state. In Figure 1c, observe that the tracer field resembles the initial state showed in Figure 1a,
which is obtained at a time t = 40 ≈ 9τ. In the case of sinusoidal initialization as well (third row of Figure 1),
the large scale tracer field structures only get stretched with time and retain its initial structure after the same
period of time as in the Gaussian case. These results highlight that irrespective of the tracer initialization, a single
plane wave only oscillates the tracer field about its initial state. In order to verify our analytical findings, we also
performed numerical simulations of Equation 6 and obtained the solutions. Details of our numerical setup can be
found in Appendix E. Numerically obtained time snapshots of tracer field for Gaussian blob and sinusoidal
initializations are shown in the second and fourth rows of Figure 1, respectively, and are found to be in excellent
agreement with the analytical results.

Changing the wavenumber vector k will lead to variations in the stretching directions and period of return of the
tracer field, as ω depends on the components of the wave vectors. Barring these details, the qualitative insights
from above illustrations carry over to other configurations with a single plane wave stirring: irreversible tracer
stirring and dispersion does not take place with one plane wave. We will next add one more wave to see how
stirring changes.

2.2. Two Plane Waves

We construct a flow having two plane waves by using the streamfunction

ψ(x, t) = 2ϵ1 cos (k1 ⋅ x − ω1t + ϕ1) + 2ϵ2 cos (k2 ⋅ x − ω2t + ϕ2) (8)
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where ϵ1 and ϵ2 determine the amplitude of the two waves. Propagation directions of the waves are determined by
the wavenumber vectors k1 and k2, and the phases are denoted by ϕ1 and ϕ2. The frequencies of the two waves are
ω1 and ω2, and their relationship with the wavenumber vectors is given by the same dispersion relation in
Equation 4. From Equation 8 the velocity field is

Figure 1. Temporal evolution of tracer field advected by a single wave. Comparison of analytical and numerical solutions for
two different initializations: (i) Gaussian blob (top two rows) and (ii) sinusoidal (bottom two rows).

AGU Advances 10.1029/2026AV002429

SANJAY AND THOMAS 5 of 27

 2576604x, 2026, 6, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2026A

V
002429, W

iley O
nline L

ibrary on [06/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



v = ∇ ⊥ψ = (2ϵ1k1y sin (k1 ⋅ x − ω1t + ϕ1) + 2ϵ2k2y sin (k2 ⋅ x − ω2t + ϕ2),

− 2ϵ1k1x sin (k1 ⋅ x − ω1t + ϕ1) − 2ϵ2k2x sin (k2 ⋅ x − ω2t + ϕ2))
(9)

and using above, Equation 1 becomes

∂θ
∂t

+ (2ϵ1k1y sin (k1 ⋅ x − ω1t + ϕ1) + 2ϵ2k2y sin (k2 ⋅ x − ω2t + ϕ2))
∂θ
∂x

− (2ϵ1k1x sin (k1 ⋅ x − ω1t + ϕ1) + 2ϵ2k2x sin (k2 ⋅ x − ω2t + ϕ2))
∂θ
∂y

= 0.
(10)

Unlike Equation 6, it is challenging to obtain a closed form analytical solution of Equation 10 using MOC. To
make progress, we perform variable transformations of the form

T = t ; X = k1 ⋅ x − ω1t + ϕ1 ; Y = k2 ⋅ x − ω2t + ϕ2 (11)

and rewrite Equation 10 in terms of the transformed variables to get

∂θ
∂T

+ (2ϵ2K sin Y − ω1)
∂θ
∂X

+ (− 2ϵ1K sin X − ω2)
∂θ
∂Y

= 0 (12)

with K = k1xk2y − k2xk1y. At this stage, we can apply MOC for the above equation and show that there exists a
conserved quantity G such that

G(X,Y) = 2K(ϵ1 cos X + ϵ2 cos Y) + ω1 Y − ω2X = C (13)

where C is a constant (see Appendix B for details). In a plane defined by the transformed coordinates X and Y, the
above equation provides a family of curves which does not vary with time. Even though G is stationary in the
(X,Y) space, the G field in (x,y) plane exhibits a time‐dependent drift which arises from the transformation re-
lations given in Equation 11. To understand the significance of theseG curves, we rewrite Equation 12 usingG as

∂θ
∂T

+ (∇̃
⊥
G) ⋅ ∇̃θ = 0. (14)

where ∇̃ = (∂/∂X,∂/∂Y) and ∇̃
⊥
= (− ∂/∂Y,∂/∂X). The above equation implies that the tracer field does not get

stretched along the isolines of G. To see this explicitly, consider a tracer arrangement of the form θ = Γ(G), Γ
being any arbitrary function of G. This gives ∇̃θ = Γ'(G)∇̃G, where prime denotes differentiation. Substituting
this in Equation 14 leads to the vanishing of the second term and the tracer does not evolve with time. Therefore, a
tracer field aligned along the isolines ofG preserves its form. The form of Equation 14 also implies that maximum
stretching of the tracer field takes place orthogonal to the isolines of G.

Now, an arbitrary initialization of the tracer field need not have the special form θ = Γ(G) and therefore such a
tracer field will get stretched and stirred until the tracer aligns along isolines of G. Once it aligns with the isolines
ofG, stirring stops, although the tracer will not return to the initial arbitrary state. This process leads to irreversible
stirring of the tracer, from an arbitrary initial structure to a form where it aligns with the isolines of G. Two plane
waves therefore can stir and disperse a tracer field, unlike the single plane wave case discussed earlier where the
tracer periodically returns to the initial state.

To see above dynamics, we numerically integrated Equation 10 by using the same two tracer initializations as in
the single plane wave case (see Appendix E for more details on the numerics). Here we will show an example case
where velocity fields were generated using k1 = (1,0) and k2 = (0,1), resulting in frequencies ω1 = ω2 =

̅̅̅
2

√

(from Equation 4). We chose amplitudes ϵ1 = ϵ2 ≲ 1, with the phases being ϕ1 = ϕ2 = 0.

In Figure 2, we show snapshots of the tracer field for the same two different initializations used in the single plane
wave case, with ϵ1 = ϵ2 = 1. While the first row shows the tracer field structures obtained at different times for
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the Gaussian blob initialization, second row corresponds to tracer structures for the sinusoidal initialization at the
same times as in the first row. Thin black lines represent isolines of curves defined byG. Notice that in the case of
Gaussian initialization (first row of Figure 2), as we move from left to right the Gaussian blob experiences
stretching and eventually aligns along the contours represented by the thin black lines (Figure 2d). The smallest
scales of the tracer gets diffused in the process, leading to fading color of the tracer with time, as seen in the figure.
Similar observations are seen in the case of sinusoidal initialization as well (second row of Figure 2). Stretching
and rearrangement of the tracer field can be observed at early times (Figures 2f and 2g) and the tracer field
eventually gets aligned along the isolines ofG (Figure 2h). Here as well, the formation of thin filaments is evident,
and this leads to eventual tracer mixing. These observations highlight that two plane waves can stir, disperse, and
induce mixing of the tracer field.

To quantify the observed mixing of the tracer field, we computed the temporal evolution of domain integrated
tracer variance Θ, which is defined in Equation 2. In Figure 3a, we show the variation of normalized domain
integrated tracer variance with time for the Gaussian and sinusoidal initializations of the tracer field. The
normalization is performed by using the domain integrated tracer variance value at t = 0, represented as Θ0. For
both cases (solid lines), we observe an initial decay of Θ, but eventually tracer variance reaches a saturated state
with no further decay. This is consistent with our observation from Figure 2 where we saw the alignment of the
tracer field along the isolines of G. A low saturation value for the tracer variance is observed in the Gaussian case
(red line) because, the tracer field is already initialized at comparatively smaller scale than that of the sinusoidal
case and hence dissipation effects act on the Gaussian blob case more effectively than the sinusoidal case.

The above results were for ϵ1 = ϵ2 = 1. We also performed simulations with small wave amplitudes, and
observed weakening of tracer mixing. In the sinusoidal case nearly 70% of the tracer variance decays by
t = 1000, which is about 230 wave periods, when the wave amplitudes are ϵ1 = ϵ2 = 1 (solid black line in
Figure 3a). In contrast, when the amplitudes are reduced to ϵ1 = ϵ2 = 0.1, the tracer variance remains almost
unchanged (dashed line) in the same interval of time. Even by t = 10000, which is around 2,300 wave periods,
only about 40% of the variance has decayed (see inset of the figure), illustrating the substantial reduction in the

Figure 2. Snapshots of tracer field structures at different times for the Gaussian blob (first row) and the sinusoidal (second
row) initializations. Black lines indicate the contours corresponding to G(x,y, t) = C which can be obtained from
Equation 13 by using Equation 11.
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mixing of tracer field when the wave amplitudes are decreased by an order of magnitude. Therefore, tracer
dispersion is stronger for higher amplitude waves.

To see the distribution of tracer variance across spatial scales, we look at the tracer variance spectra, |θ̂|2, which is
computed by performing a two dimensional Fourier transform of the tracer field and then computing the tracer
variance as a function of the wavenumber k. Throughout this paper, the overhat symbol is used to represent
Fourier transformed variables. In Figure 3b, we show the tracer variance spectra at different times for the si-
nusoidal case. At t = 0, all the tracer variance is concentrated at k = 1 because of our sinusoidal initialization. It
is to be noted that, according to our sinusoidal initialization, the tracer variance should have been concentrated at
k =

̅̅̅
2

√
at t = 0. However, because of the spectral binning implemented (see Appendix D), we observe tracer

variance value concentrated at k = 1. With time, we observe the evolution of the spectrum toward higher
wavenumbers, indicating the transfer of tracer variance from large to small scales. The tracer content at small
wavenumbers decrease and we observe tracer variance reaching large wavenumbers where it gets dissipated.
When ϵ1 = ϵ2 = 0.1 (see dashed lines), the evolution of spectrum is very slow and we do not see a well
developed spectrum even by t = 1000. This once again highlights the inefficiency of small amplitude waves in
dispersing the tracer field. Similar conclusions were obtained from the spectra of Gaussian blob case as well (not
shown here in the interest of space). These observations allow us to conclude that a minimum of two waves,

Figure 3. (a) Temporal evolution of normalized net tracer variance in the case of two waves with ϵ1 = ϵ2 = 1 is shown
with solid lines. The dashed line shows the tracer variance evolution when ϵ1 = ϵ2 = 0.1. Inset: Temporal evolution
of tracer variance for the sinusoidal case with ϵ1 = ϵ2 = 0.1 is shown for a long interval of time. (b) Tracer variance
spectra at different times for the two‐wave simulations. Solid lines represent ϵ1 = ϵ2 = 1 and dashed lines correspond to
ϵ1 = ϵ2 = 0.1. (c) Evolution of normalized net tracer variance for the different cases of three waves for ϵ1 = ϵ2 = ϵ3 = 1 is
shown with colored solid lines. The dashed black line shows the temporal evolution of tracer variance in the 3W1 case with
ϵ1 = ϵ2 = ϵ3 = 0.1 up to t = 1000. Inset of the figure shows this case for t = 10000. (d) The evolution of tracer variance
spectra with time for 3W1 with ϵ1 = ϵ2 = ϵ3 = 1 is shown with solid lines and ϵ1 = ϵ2 = ϵ3 = 0.1 is shown with dashed
lines.
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having O(1) values for the amplitudes ϵ1 and ϵ2, is sufficient enough to induce stirring and mixing of a passive
tracer field.

Apart from analyzing the impact of varying wave amplitudes, we also explored how different configurations of
wave propagation directions affect tracer dispersion. Interestingly, there is one special case of two plane waves
where tracer dispersion does not happen. This is for two collinear waves having equal wavenumber vector
magnitude. Such a flow, where the wavenumber vectors of the two waves lie on a straight line is similar to one
wave case and the tracer field oscillates about its initial state. For example, consider two waves with k1 = (1,0)
and k2 = (− 1,0). The corresponding tracer equation can be solved using MOC for this special case to obtain (see
Appendix B for details)

θ(x, t) = θ0(x,y +
2ϵ1
ω1

[cos ( x − ω1t + ϕ1) − cos ( x + ϕ1)]

−
2ϵ2
ω2

[cos ( x + ω2t + ϕ2) − cos ( x + ϕ2)])
(15)

for the initial condition θ0(x,y). Because the chosen wavenumber vectors have the same magnitude, here
ω1 = ω2 =

̅̅̅
2

√
. This implies that irrespective of the amplitudes ϵ1 and ϵ2, the tracer field returns to its initial

state over the period of time τ =
̅̅̅
2

√
π. This behavior is similar to the one wave case and indicate the inefficiency

of the flow in dispersing the tracer field. However, if |k1|s |k2|, then ω1sω2. In this case the tracer field can
undergo irreversible stretching which eventually leads to tracer mixing.

Two collinear waves with same wavenumber vector magnitude therefore cannot stir tracers irreversibly, while
changing the alignment of waves starts stirring the tracers. Increasing the angle between the wavenumber vector
leads to more efficient stirring, with maximum stirring and mixing of the tracer field being achieved when the two
plane waves propagate in directions perpendicular to each other.

As seen in this subsection, adding an extra wave to the single plane wave case led to irreversible stirring.
Nevertheless, while above analysis shows that two arbitrary plane waves can stir and disperse tracers, the stirring
is in some sense limited and saturates once the tracer aligns with the isolines of G curves. We will now add one
more wave to the system and see how stirring changes.

2.3. Three Plane Waves

Adding one more plane wave into Equation 8 gives us a three wave system:

ψ(x, t) = 2ϵ1 cos (k1 ⋅ x − ω1t + ϕ1) + 2ϵ2 cos (k2 ⋅ x − ω2t + ϕ2) + 2ϵ3 cos (k3 ⋅ x − ω3t + ϕ3) (16)

where ϵ3, k3,ω3, and ϕ3 correspond to the amplitude, wavenumber vector, frequency, and phase of the third wave,
respectively. Proceeding in the same way as in the previous section, we can compute the velocity field and
substitute in Equation 1 to get the evolution equation for the tracer field.

For the three waves system we did not find anything similar to the G contours observed in the two waves system,
and the tracer field got stirred and dispersed continuously over time. Four cases selected from an exhaustive set of
numerical simulations involving different three wave systems are:

• 3W1 : k1 = ŷ, k2 = x̂, k3 = x̂ + ŷ • 3W3 : k1 = ŷ, k2 = x̂ + ŷ, k3 = x̂ − ŷ

• 3W2 : k1 = ŷ, k2 = x̂ + ŷ, k3 = − x̂ − ŷ • 3W4 : k1 = ŷ, k2 = x̂, k3 = x̂ + 2 ŷ

As in the two plane waves' case, we choose equal wave amplitudes ϵ1 = ϵ2 = ϵ3 ≲ 1, and Equation 4 for the
dispersion relation. Other numerical details are in Appendix E.

Figure 3c presents the time evolution of the normalized domain‐integrated tracer variance for all four cases
mentioned above. Unlike the two‐wave scenario, all three‐wave cases exhibit a rapid decay of net tracer variance
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toward zero. This behavior suggests that the downscale transfer of tracer variance to smaller, dissipation‐
dominated scales is more efficient in flows containing three plane waves than in those with only two. In the
inset, we show the temporal evolution of tracer variance when ϵ1 = ϵ2 = ϵ3 = 0.1 for the 3W1 case. When
ϵ1 = ϵ2 = ϵ3 = 1 (black line in the main figure panel), the tracer variance almost completely decayed by
t = 1000, which is about 230 wave periods, wave period being based on the slowest evolving wave. However, the
tracer variance did not show any variation in the case where ϵ1 = ϵ2 = ϵ3 = 0.1 over the same interval of time
(dashed black line) and only dissipated about 40% by t = 10000 (see inset of figure panel), which is about 2,300
wave periods. This observation once again confirms that strong amplitude waves can enhance tracer mixing.

In Figure 3d we show the temporal evolution of the tracer variance spectra for the 3W1 case with
ϵ1 = ϵ2 = ϵ3 = 1 as solid lines.As in the two planewaves' case, the tracer variance spreads across awide range of
wavenumbers with time, indicating spectral development. By t = 1000, the tracer variance spectra decreases by
nearly two orders of magnitude in the three‐wave case, significantly higher than the drop in the two‐wave case.
Looking at the dashed lines, which represent the case with ϵ1 = ϵ2 = ϵ3 = 0.1, we note the delay in the devel-
opment of tracer variance spectra, further pointing out the inefficiency of the flowwith low amplitude waves in the
stirring and mixing of the tracer field. Similar evolution of the tracer variance spectra is observed in the 3W2, 3W3,
and 3W4 cases (shown in Appendix C), although the magnitude of tracer variance decay differs among the cases.

Motivated by the intensified tracer stirring by three finite amplitude plane waves, we extend our numerical ex-
periments to flows containing a larger number of waves with different magnitude for the wave amplitudes and
investigate the resulting tracer dynamics.

3. Tracer Dispersion by a Spectrum of Non‐Interacting Waves
The above findings reveal that a few discrete waves can irreversibly stir and mix tracers. Oceanic flows, in
addition to dominant discrete waves with specific frequencies, also contain broad band spectrum of waves, such
as the Garret‐Munk spectrum (Garrett & Munk, 1979). To mimic such a spectrum of waves, we will continue the
above construction of waves to make a broader spectrum. These broadband wave fields will be kinematic,
implying that they do not have nonlinear interactions and higher order effects, allowing us to focus on the features
of the leading order wave field.

As in the previous cases, we construct incompressible velocity fields using the streamfunction formulation. The
streamfunction for a spectrum of waves take the form

ψ(x, t) = ϵ ∑

|k|

|kn|> 0
akn
cos(kn ⋅ x − ωknt + ϕ(kn)) (17)

where kn denotes the wavenumber vector, ωkn is the wave frequency which is related to the wavenumber vector
magnitude as in Equation 4, and ϕ(kn) is the phase associated with the wave. Here, the overall magnitude of the
wave amplitudes are controlled by two parameters: the scaling parameter ϵ which determines the global strength
of the velocity field and the spectral amplitude akn

, which specifies the relative weight of each mode. With the
above choice of the streamfunction, we generate flows having different number of wave modes. For instance, if
|k| = 1, we introduce waves at all wavenumbers whose magnitude is greater than 0 and less than or equal to 1.
Thus, in this context we will have four plane waves with k1 = (1,0), k2 = (− 1,0), k3 = (0,1), and
k4 = (0, − 1). We represent this choice as Case 1 and the simulations with |k| = 10 and |k| = 128 are identified
as Case 2 and Case 3, respectively. We chose wave amplitudes akn

to get different power laws for the wave
spectra, such as − 5/3, − 2, − 3, etc. We also experimented with different wave phases ϕ(kn). These different
choices led to qualitative similar results and here we will present results for − 5/3 slope wave spectrum with
ϕ(kn) = 0. For this configuration, wave spectra for Case 2 and Case 3 are shown in Figure 4a, where ϵ = 1. Case
1 does not have a spectrum as the wave fields are initialized only at k = 1 mode.

Having obtained the flow velocity fields from Equation 17 for the above discussed three cases, we advect the
tracer field using

∂θ
∂t

+ v ⋅∇θ = F − D (18)
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where F is the forcing and D is the dissipation term. Recall that in our previous experiments the tracer field
decayed with time. The forcing term F above supplies tracer variance at large scales, thereby allowing the tracer to
attain an equilibrium state. This will in turn allows us to evaluate tracer spectral flux, which will indicate the rate
at which tracer variance is cascaded to small scales. Appendix E provides details on the numerical setup,
dissipation term, and the implementation of tracer forcing.

Figure 4. Flow spectra obtained for the three cases are shown in panel (a). Tracer field structures at a particular instant of time
for Case 1 (b), Case 2 (c), and Case 3 (d) are shown. Time‐averaged tracer variance spectra, and normalized tracer spectral
flux are shown in (e) and (f) respectively.
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In Figures 4b–4d, we show the steady state tracer field structures in the three cases with ϵ = 1. For Case 1
(Figure 4b), we observe stretching and formation of small scales. Compared to the case of two waves (Figure 2h),
we see the formation of more small scale structures in this case, which is expected because Case 1 has four plane
waves, as mentioned earlier. Visually, we find the formation of much more small scale structures in Case 2 and
Case 3, compared to Case 1 (Figures 4c and 4d). In contrast to the tracer patterns produced by two plane waves, all
three cases here exhibit pronounced small‐scale features, highlighting increased stirring and mixing of the tracers.

In Figure 4e, we plot the time‐averaged tracer variance spectra, |θ̂|2, for the three cases. In contrast to Figures 3b
and 3d, here, all cases exhibit the same tracer variance at k = 1 due to the applied tracer forcing. Although the
forcing is implemented at k =

̅̅̅
2

√
, identical values appear at k = 1 in the plot because of the usage of spectral

binning (see Appendix D). Increased stirring depletes tracer variance at a scale faster, leading to lower tracer
concentration at that scale. This leads to the steepening of tracer variance spectrum as we go from Case 1 to
Case 3.

For quantifying tracer stirring in these flows with different number of waves, we next compute tracer spectral flux
which measures the amount of tracer variance transferred across different scales in the flow. This is done by first
performing a two dimensional Fourier transform of Equation 18, after omitting the dissipation and forcing terms,
to get

∂θ̂
∂t

+ ̂∇ ⋅ (θv) = 0. (19)

Forcing and dissipation terms are omitted because we are interested in the transfer of tracer variance across the
inviscid inertial range, far from the dissipation and forcing scales. Multiplying Equation 19 by the complex
conjugate of θ̂ and taking the real part of that equation gives the evolution equation of tracer variance at a
particular wavenumber k. We then perform summation over a band of wavenumbers [k,kmax] such that

d
dt

∑
k

q=kmax

|θ̂(q, t)|2 = Π̂(k, t) (20)

where the left hand side term denotes the rate of change of tracer variance in [k, kmax] and Π̂(k, t) is the spectral
flux of tracer variance, which represents the transfer rate of tracer variance into or from the wavenumber
band. Positive value of Π̂(k, t) suggests transfer into the wavenumber band, that is, a forward cascade of tracer
variance.

Figure 4f shows the time‐averaged tracer spectral flux, denoted as Π̂, which is normalized by time‐averaged
domain integrated tracer variance, Θ. This normalization is used because in each of the three cases Θ saturated

at different levels. Note from the figure that in all the cases we obtain positive values for Π̂ in the inertial range,
indicating downscale transfer of tracer variance from large to small scales. It is interesting to observe a monotonic

increase in the value of Π̂ as we move from Case 1 to Case 3, signaling the enhancement of tracer cascade to small
scales with increase in number of waves or broadening of the wave spectrum. Notice that the increase in flux from
Case 1 to 2 is higher than the increase in flux from Case 2 to 3. This is because while increasing the number of
wave modes we are still preserving the − 5/3 power law for the flow spectrum (Figure 4a). Larger modes have less
energy and therefore their contribution to stirring decreases with increase in mode number.

We have seen the enhancement in tracer stirring with increase in the number of waves in the flow. Now, we look at
the impact of wave field strength, ϵ, on tracer stirring. For this, in each of the above discussed cases we vary the
parameter ϵ between 0 and 1, and then advect the tracer field with the obtained velocity field. After the tracer field
achieves a steady state, we compute and plot the normalized time‐averaged tracer spectral flux, as shown in
Figure 5. Irrespective of the number of waves, in each case, we observe highest values of normalized time‐
averaged tracer flux when ϵ = 1 and the values monotonically decrease with decrease in ϵ. For example,
normalized time‐averaged tracer spectral flux values in Case 3 for ϵ = 1 is about 1000 times higher than the case
with ϵ = 0.1. Decreasing the strength of waves therefore weakens stirring and mixing of tracers, this behavior
being similar to what we saw earlier with a few discrete waves.

AGU Advances 10.1029/2026AV002429

SANJAY AND THOMAS 12 of 27

 2576604x, 2026, 6, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2026A

V
002429, W

iley O
nline L

ibrary on [06/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



The analytical and numerical observations so far using kinematic velocity fields revealed that linear waves are
capable of dispersing tracers. Even though a single wave is inefficient in stirring and mixing tracers, two or more
waves can disperse a passive tracer field and mix it up. We will next explore tracer stirring by dynamic model‐
generated waves.

4. Tracer Dispersion by Dynamically Interacting Waves
Up to this point, we examined tracer dispersion using kinematic wave models, where the flow was prescribed as a
set of non‐interacting waves. Such models isolate the leading order linear wave effects by construction and
exclude any nonlinear interactions between waves. In this section, we turn to dynamic models that are widely used
in oceanography. Using the RSW and Boussinesq equations, we generate wave‐dominated flows in which the
velocity fields evolve according to fully nonlinear equations. These dynamics include second order wave effects
and hence represent a more realistic setting of an oceanic flow. We begin with the RSW model in the following
subsection.

4.1. Rotating Shallow Water Equations

RSW is a model that captures the evolution of a thin layer of rotating fluid in hydrostatic balance (Salmon, 1978;
Vallis, 2006). Both inertia‐gravity waves and geostrophically balanced components exist in the dynamics of this
model. Furthermore, wave‐wave interactions and wave‐vortex interactions can take place in this setting, with
wave breaking at small scales leading to shock formation (J. Thomas et al., 2024; Zeitlin, 2018). We used the
RSW model to construct wave‐dominated flows and then advected a tracer field within this wavy flow. The
equations and numerical details are provided in Appendix E.

Figure 5. Normalized time‐averaged tracer spectral flux comparison for different values of ϵ in Case 1 (a), Case 2 (b), and
Case 3 (c).
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Figure 6a shows the negative flow divergence, − ∇ ⋅ v, from the RSWmodel. Notice the strong localized peaks in
divergence, these indicating shocks formed by wave breaking at small scales. The spatial structure of this field is
similar to that discussed in J. Thomas et al. (2024). This flow has an energy spectrum with a − 2 power law, as
shown in Figure 6b. The frequency‐wavenumber spectrum of the flow is shown in Figure 6c, with the dispersion
curve being highlighted with the dashed white line. Notice the spread across the dispersion curve, indicating the
nonlinear broadening of waves due to wave‐wave interactions. This is a feature of waves generated from non-
linearly interacting dynamic models when compared to the kinematic models seen earlier. In the kinematic
models the wave field is perfectly aligned along the dispersion curve with no spread across it.

Once the flow reached a steady state we integrated the tracer Equation 18 in forced‐dissipative setting. To
introduce a wave amplitude factor, we scaled the velocity obtained from RSW by ϵ, where 0 < ϵ < 1, and then
used this scaled velocity for tracer advection. Thus, here as well, ϵ represents the magnitude of the wave
amplitude, as in the previous cases. This procedure allows us to systematically control the wave strength while
keeping the underlying flow structure fixed.

In Figures 6d–6g we present tracer field snapshots for ϵ = 0.1, 0.3, 0.6, and 1.0. Notice that we see increased
small scale features in the tracer field with increasing ϵ. Figure 6h shows the tracer dissipation as a function of ϵ.

Figure 6. (a) Negative flow divergence exhibiting shocks is shown. (b) Energy spectrum for ϵ = 1 case of the flow is shown
with the red line representing k− 2 line for reference. (c) Horizontal component of the velocity field is plotted in the frequency‐
wavenumber space with the white dashed line being the dispersion curve. Tracer field structures at a particular instant of time for
different values of ϵ are shown in panels (d–g). (h) Time‐averaged tracer variance dissipation is plotted as a function of ϵ.
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For ϵ = 0.1, the tracer structures remain relatively at large scales and very low dissipation is seen in Figure 6h. In
contrast, for ϵ = 0.3, ϵ = 0.6, and ϵ = 1.0, the tracer fields become progressively stirred and mixed, leading to a
monotonic increase in dissipation. This indicates enhanced mixing of the tracer field when we increase the value
of ϵ. These observations align with our findings from previous experiments that had only discrete non‐interacting
waves, although the present wave field from RSW has nonlinear wave interactions and broadening of the fre-
quency spectra beyond the dispersion curve.

4.2. Boussinesq Equations

We next consider the rotating nonhydrostatic Boussinesq equations, which contain three dimensional flow dy-
namics and vertical stratification. By evolving the forced‐dissipative Boussinesq equations, we first obtained an
equilibriated wave‐dominant flow and benchmarked its features with previous studies. Appendix E contains
details on the governing equations and our numerical setup for solving the equations. In Figure 7a we show the
horizontal divergence (∇ ⋅ v) obtained for the flow on the bottom half of the domain with top surface being the
z = 1.5π plane and bottom surface being the z = 0 plane. High divergence values and small scale signatures
indicate the dominant presence of waves in the flow. Figure 7b shows the frequency‐horizontal wavenumber
spectrum of the flow for different values of vertical wavenumber, kz. The white dashed lines in the figure denote
dispersion lines and considerable overlapping of the bright region with the dispersion lines is observed. The
dispersion relation associated with the linear internal waves is provided in Appendix E. In contrast to the ki-
nematic models, here again, we see spread of the bright region around the dispersion lines due to nonlinear

Figure 7. (a) Horizontal divergence of the flow. (b) x‐component of the velocity field is plotted in the frequency‐wavenumber
space. White lines represent the dispersion relations corresponding to different vertical wavenumbers kz. (c) Energy spectra
for ϵ = 1 case along with red line representing k− 5/3h power law for reference.
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interactions, as in RSW. Looking at the distribution of flow energy across different horizontal wavenumbers, kh,
in Figure 7c, we find that the spectrum almost follows a − 5/3 power law.

Now that we have an equilibrated three‐dimensional flow field (v,w) obtained by evolving the Boussinesq
equations, we advect tracers according to the equation

∂θ
∂t

+ v ⋅∇θ + w
∂θ
∂z

= F − D (21)

where F and D are the forcing and dissipation terms, respectively. Similar to the procedure followed in the RSW
model, here as well, wave amplitude effects are investigated by scaling the flow fields from the Boussinesq
equations by ϵ, such that (v,w) → (ϵv,ϵw), and then advecting the tracer field following Equation 21. Appen-
dix E provides more details on the numerical setup, dissipation term, and forcing used for integrating Equation 21.

Figure 8 shows the steady state tracer field structures obtained for different values of ϵ, with the top and bottom
surfaces being the same as in Figure 7a. Note that in all the cases, large scale structures are present because of the
implemented large scale tracer forcing. While we observe more large scale structures in Figures 8a and 8b for the
ϵ = 0.1 and ϵ = 0.3 cases, respectively, small scale structures are prominent in ϵ = 0.6 and ϵ = 1 cases
(Figures 8c and 8d respectively). This observation provides a visual indication on the enhancement of tracer
dispersion with increase in the value of ϵ.

We computed the time‐averaged tracer variance spectra in all cases and these are shown in Figure 9a. The spectra
are computed in the same manner as in the kinematic models, except that here the total wavenumber is defined as

Figure 8. Tracer field structure for different values of ϵ are shown. Visually, one can note the increase in small scale features
of the tracer with increase in ϵ.
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k =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2h + k2z
√

. As expected from the forcing scheme, all cases exhibit the same tracer variance at k = 1. Beyond

this forcing scale, however, clear differences emerge. For instance, when ϵ = 1, the tracer variance spectrum
drops sharply at low wavenumbers, and the tracer content is substantially reduced across almost the entire inertial
range compared to smaller values of ϵ. This indicates more efficient stirring in the high wave amplitude case. As ϵ
decreases, tracer variance progressively increases at intermediate wavenumbers, reflecting weaker stirring and
reduced transfer of variance to small scales. The spectra also become noticeably shallower with decreasing ϵ.
These trends closely mirror those observed in the earlier kinematic models with a spectrum of non‐interacting

waves. We also looked at the impact of wave amplitude on the horizontal (|θ̂|2 (kh)) and vertical (|θ̂|2 ( kz))

tracer variance spectra and these showed similar results (figures omitted).

We computed time‐averaged normalized tracer variance spectral flux as discussed in Section 3. Note from
Figure 9b that the time‐averaged tracer spectral flux values are positive in the inertial range and hence confirm
downscale cascade of the tracer variance. With increasing ϵ, normalized tracer spectral flux values increase,

suggesting that tracer cascade is more efficient with increasing values of ϵ. Time‐averaged horizontal (Π̂(kh)) and

vertical (Π̂( kz)) tracer fluxes also exhibited similar behavior. Furthermore, as seen from the RSW model, time‐

averaged tracer dissipation monotonically increases with increase in ϵ, this being shown in Figure 9c. Thus,
despite the presence of nonlinear wave–wave interactions in the dynamic models, the overall influence of wave
amplitude on tracer dispersion remains consistent with the behavior seen in the kinematic framework.

Our simulations with the dynamic models reveal that the presence of a spectrum of waves havingO(1) amplitude
can enhance the stirring and mixing of tracers. In a recent study, using the Boussinesq equations, Sanjay and

Figure 9. To quantify tracer stirring and mixing, time‐averaged tracer variance spectra (a) and normalized time‐averaged
tracer spectral flux (b) are plotted. (c) Time‐averaged tracer variance dissipation is plotted as a function of ϵ.

AGU Advances 10.1029/2026AV002429

SANJAY AND THOMAS 17 of 27

 2576604x, 2026, 6, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2026A

V
002429, W

iley O
nline L

ibrary on [06/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Thomas (2025) have showed that a flow dominated by O(1) amplitude waves is about 20 times more efficient in
dispersing passive tracer field than an eddy‐rich flow. Although the dynamic models include wave–wave in-
teractions and associated second‐order effects, which were absent in the kinematic setups discussed earlier, both
approaches yield similar trends with respect to ϵ. A spectrum of finite amplitude or O(1) waves can therefore
efficiently stir and mix tracers, this finding stemming from kinematic and dynamic models.

5. Summary and Discussion
The oceans contain fast fluctuating wave fields having frequencies ranging from inertial to the buoyancy fre-
quency. These waves are responsible for the downscale cascade of flow kinetic energy and dissipation, thereby
assisting in diapycnal mixing in the oceans. However, their impact on lateral dispersion of tracers is not
appreciated, inspiring this study. We explored stirring and mixing of passive tracers by waves taking advantage of
a series of kinematic and dynamic models.

We started by investigating how a single plane wave, propagating in an arbitrary direction, affects a passive tracer.
Corresponding tracer advection equation was solved analytically and the solution revealed that the tracer field
experiences only a reversible stretching such that it returns back to its initial state over a period of time. The
solution further showed that small‐amplitude waves induce only minor excursions of the tracer field before it
returns to its initial state, whereas larger amplitude waves produce noticeably greater displacements. Yet,
regardless of the wave amplitudes, the tracer field ultimately returns to its initial configuration. These obser-
vations indicated the inefficiency of a single plane wave, even with finite amplitude, in the stirring and mixing of a
passive tracer field.

We continued our study by looking at tracer advection with a flow composed of two plane waves propagating in
arbitrary directions. Analysis of the corresponding tracer advection equation helped us identify a family of curves,
defined as G(x,y, t) = C, such that any arbitrarily initialized tracer field gets stretched in a direction perpen-
dicular to G and gradually gets aligned with the isolines of G. This stretching and aligning process produced thin
tracer filaments which can lead to dissipation and mixing at smaller scales. However, it was interesting to note that
once the tracer field gets completely aligned with the isolines of G, no further stirring of the tracer field was
observed. Numerical simulations supported these analytical findings and we quantified tracer mixing by looking
at the decay of tracer variance over time. As found from the analysis, once the tracer field completely aligned with
the contours, no further decay of tracer variance was observed. Examination of wave amplitude effects on tracer
dispersion revealed that increasing wave amplitudes led to increased dissipation of tracer variance, highlighting
the enhancement of tracer dispersion with wave amplitude. Small amplitude waves are far less effective in
dispersing tracers than waves of order‐one amplitude or finite amplitude waves. We also found that when two
waves propagate in collinear directions, with equal magnitudes for the phase speed, the flow behaves like the
single wave case and the tracer field returns to its initial state after a finite period without any net dispersion.
Overall, our exploration of two plane waves' dynamics showed that two non‐interacting and non‐collinear waves
are sufficient to stir and mix a passive tracer field, with dispersion increasing with wave amplitude.

To see if adding more waves enhanced tracer dispersion, we studied tracer dynamics in a flow composed of three
plane waves. In this case, we numerically solved the tracer advection equation and found no sign regarding the
existence of attractors similar to the G curves in the two‐wave case. Instead, we observed continuous and sharp
decay of tracer variance which indicated much more enhanced mixing of tracer variance in the three‐wave case
compared to the two‐wave case. Further, we obtained steeper tracer variance spectrum compared to the two‐wave
case. Increasing wave amplitudes were also seen to increase tracer dispersion.

In realistic ocean conditions, the flow field is often composed of a broad spectrum of internal waves spanning a
wide range of frequencies and propagating in different directions. This spectral nature of oceanic motions is well
documented through observations and forms the basis of the Garrett–Munk spectrum (Garrett & Munk, 1972).
Motivated by this, we extended our study to consider tracer advection in a flow constructed from a spectrum of
non‐interacting plane waves. For this, we set up three different flows having 1, 10, and 128 wave modes and
evolved tracers to reach forced‐dissipative equilibrium. As we moved from one mode case to the 128 modes' case,
we observed steepening of tracer variance spectra and increasing tracer spectral flux, all indicative of
enhancement in tracer stirring and mixing. These observations once again confirmed that increasing number of
waves in the flow leads to efficient dispersion of tracer field. Further, in each case, we also checked the impact of
varying wave amplitudes on the tracer dispersion by computing the normalized time‐averaged tracer variance
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spectral flux. We obtained monotonic increase in the downscale cascade of tracer variance with increase in the
wave amplitudes, indicating the role of wave amplitudes in increasing the efficiency of stirring the tracer field. In
all of these experiments, the velocity fields were constructed from kinematic models and hence contain purely
linear waves that do not interact with each other. These results therefore suggest that pure linear non‐interacting
waves having order‐one amplitudes can efficiently stir and mix tracers.

We also performed tracer dispersion experiments with two dynamic models: RSW and Boussinesq equations. In
both cases, we dynamically evolved the velocity fields from the corresponding nonlinear equations and tracers
were advected by the flow field, after the flows achieved an equilibrated state. Examination of the obtained flow
field in the frequency‐wavenumber domain, in both models, showed significant spread around linear dispersion
lines. This shows that, in contrast to the kinematic models that include only pure linear plane waves exactly
obeying the dispersion relation, the dynamic models support not just linear wave behavior but also the second‐
order contributions produced by nonlinear interactions within the flow. In these cases as well, we evolved
forced‐dissipative tracer equations to obtain equilibrium condition for the tracer field and quantified tracer mixing
by computing the tracer variance dissipation, spectra, and flux. We focused on the impact of wave amplitudes on
tracer dispersion and found that finite amplitude wave fields significantly enhanced tracer dispersion. In both
RSW and Boussinesq models, we observed that the tracer dissipation was monotonically increasing with increase
in the wave amplitude values. This observation indicated that increasing wave amplitudes increased the down-
scale transfer of tracer variance and hence more tracer variance reached small scales, where it is dissipated. Our
kinematic and dynamic model based results thus show that increasing the wave amplitudes can enhance tracer
dispersion, despite the fundamental difference between non‐interacting and interacting waves. Even though the
dynamic models contain second order interaction effects, similarity with kinematic studies highlight that linear
wave motions themselves play a dominant role in tracer dispersion. Thus, findings reported in this study evidently
indicate that leading order wave effects have direct role in stirring and mixing of tracers.

Past oceanic studies have shown that submesoscale dynamics play a central role in setting vertical fluxes of mass,
buoyancy, and tracers (Capet et al., 2008; L. N. Thomas et al., 2008). More recent work further demonstrates that
adequately resolving submesoscale motions is essential for capturing the eastward extension of Gulf Stream into
the interior of North Atlantic and the downward transfer of eddy kinetic energy (Chassignet & Xu, 2017). Modern
ocean models therefore strive to represent submesoscale processes because of their well‐established importance.
As noted in the introduction, internal waves with order‐one amplitudes are energetically active at these same
submesoscales. However, they remain only partially resolved or in many cases, entirely unresolved, in current
modeling frameworks. Our results show that leading order linear waves having finite amplitudes can generate
substantial lateral transport and mixing of tracers, contradicting the long‐held assumption that waves simply
oscillate tracers about their mean position without producing net dispersion. This implies that internal waves may
contribute directly to the effective isopycnal diffusivity and, to some extent, may explain the observed enhanced
stirring of tracers at submesoscales (Klymak et al., 2015; Kunze et al., 2015; Shcherbina et al., 2015; Spiro Jaeger
et al., 2020). Recent studies also emphasize the need for high‐resolution regional simulations to better capture the
internal wave spectrum and its dynamical impacts (Nelson et al., 2020; Savage, Arbic, Alford, et al., 2017;
Savage, Arbic, Richman, et al., 2017). Together with these findings, our results reinforce the growing consensus
that internal‐wave‐driven dispersion must be either explicitly resolved or carefully parameterized in global ocean
models. Improving the representation of wave‐induced mixing will be crucial for reducing tracer biases, refining
estimates of isopycnal mixing, and ultimately improving predictions of climate variability.

Appendix A: Analytical Solution for Tracer Dispersion by a Single Plane Wave
For the single wave case, let us consider the tracer evolution Equation 6

∂θ
∂t

+ 2ϵky sin(k ⋅ x − ωt + ϕ)
∂θ
∂x

− 2ϵkx sin(k ⋅ x − ωt + ϕ)
∂θ
∂y

= 0. (A1)

This equation can be solved by using the method of characteristics (MOC) where the characteristic equations are:
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dθ
dt

= 0 (A2a)

dx
dt

= 2ϵky sin(k ⋅ x − ωt + ϕ) (A2b)

dy
dt

= − 2ϵkx sin(k ⋅ x − ωt + ϕ). (A2c)

Equation A2a indicates that along the characteristics defined by (x,y), the tracer field remains constant, such that
θ(x, t) = θ0 (x0, 0), with x0 = ( x0,y0) being the initial position vector. To proceed further, we substitute

χ = k ⋅ x − ωt = kxx + ky y − ωt

which leads to

dχ
dt

= kx
dx
dt

+ ky
dy
dt

− ω (A3)

Using Equations A2b and A2c in Equation A3, we get

dχ
dt

= − ω or χ = χ0 − ωt (A4)

where χ0 = kxx0 + ky y0. Above equation suggests that along the characteristics, χ0 is a constant, implying that

χ0 = kxx0 + ky y0 = k ⋅ x. (A5)

Now, substituting Equation A4 in Equations A2b and A2c, we get

dx
dt

= 2ϵky sin (χ0 − ωt + ϕ) (A6)

dy
dt

= − 2ϵkx sin (χ0 − ωt + ϕ) (A7)

Integrating above equations from 0 to t, we get:

x = x0 +
2ϵky
ω

[cos (χ0 − ωt + ϕ) − cos (χ0 + ϕ)] (A8)

y = y0 −
2ϵkx
ω

[cos (χ0 − ωt + ϕ) − cos (χ0 + ϕ)] (A9)

Substituting for χ0 using Equation A5 in the above equations and rearranging, we get:

x0 = x −
2ϵky
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)] (A10)

y0 = y +
2ϵkx
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)] (A11)

Now, as mentioned above, from Equation A2a, we note that along the trajectories, θ is a constant, implying that:
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θ(x, t) = θ0 (x0, 0)

= θ0(x −
2ϵky
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)],

y +
2ϵkx
ω

[cos(k ⋅ x − ωt + ϕ) − cos(k ⋅ x + ϕ)]).

(A12)

Thus, Equation A12 forms the exact solution for the tracer field advected by a single wave field having the wave
vector k and frequency ω.

Appendix B: Tracer Stretching by Two Plane Waves
The governing equation for a tracer field advected by two arbitrary waves can be written in the transformed
coordinates as

∂θ
∂T

+ (2ϵ2K sin Y − ω1)
∂θ
∂X

+ (− 2ϵ1K sin X − ω2)
∂θ
∂Y

= 0. (B1)

Now, we can apply MOC to the above equation such that the characteristic equations will be

dθ
dT

= 0 (B2a)

dX
dT

= 2ϵ2K sin Y − ω1 (B2b)

dY
dT

= − 2ϵ1K sin X − ω2 (B2c)

As in the case of single wave, here as well we conclude from Equation B2a that the tracer field is constant along
the trajectories defined by (X,Y). Dividing Equation B2b by Equation B2c, we get:

dX
dY

=
2ϵ2K sin Y − ω1
− 2ϵ1K sin X − ω2

. (B3)

Integrating the above equation gives us

G(X,Y) = 2K(ϵ1 cos X + ϵ2 cos Y) + ω1 Y − ω2X = C. (B4)

G from the above equation can be used to rewrite Equation B1 as

∂θ
∂T

+ (∇̃
⊥
G) ⋅ ∇̃θ = 0 (B5)

As mentioned in the main section, Equation B5 shows that the tracer gets stretched only in the direction
perpendicular to the level sets defined by G. Additionally, it can be easily noted that any function of G will be an
exact solution of Equation B5, as discussed in the main section.

B1. Two Plane Waves Propagating in Opposite Directions With Same Magnitude for Wavenumber
Vectors

Let us consider an example where one wave is propagating in the positive x direction and another one in the
negative x direction. The corresponding streamfunction will be

ψ(x,y, t) = 2ϵ1 cos ( x − ω1t + ϕ1) + 2ϵ2 cos ( x + ω2t + ϕ2). (B6)
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Using the above form to compute the velocity fields and substituting it in Equation 1, we obtain

∂θ
∂t

+ (− 2ϵ1 sin ( x − ω1t + ϕ1) − 2ϵ2 sin ( x + ω2t + ϕ2))
∂θ
∂y

. (B7)

Now, we can apply MOC on above equation by identifying the characteristics equations as

dθ
dt

= 0 (B8a)

dx
dt

= 0 (B8b)

dy
dt

= − 2ϵ1 sin ( x − ω1t + ϕ1) − 2ϵ2 sin ( x + ω2t + ϕ2) (B8c)

While Equation B8a suggests that the tracer field is constant along the trajectories defined by x and y, from
Equation B8b we note that x = x0, x0 being the initial location. Using this, we can solve Equation B8c to obtain

y0 = y +
2ϵ1
ω1

[cos ( x − ω1t + ϕ1) − cos ( x + ϕ1) −
2ϵ2
ω2

[cos (x + ω2t + ϕ2) − cos ( x + ϕ2)] (B9)

Using x0 and y0, we can obtain the exact solution θ(x, t), given the general initial condition θ0 (x0, 0), as

θ(x, t) = θ0(x,y +
2ϵ1
ω1

[cos ( x − ω1t + ϕ1) − cos ( x + ϕ1)] −
2ϵ2
ω2

[cos ( x + ω2t + ϕ2) − cos ( x + ϕ2)]) (B10)

In the above example, magnitudes of the wavenumber vectors were the same and hence we have ω1 = ω2. Note
from Equation B10 that the tracer field can return to its initial state over a period τ = 2π/ω1 = 2π/ω2. Thus, this
is a typical example of the two wave configuration where we do not see any stretching or mixing of the tracer
field. However, even when the waves are propagating in collinear direction, if their magnitudes of the wave-
number vectors differ, the tracer field cannot reach exactly back to its initial state. This can eventually lead to the
mixing of tracer field over a long interval of time.

Appendix C: Tracer Spectra for Different Configurations of Three Waves
Figure C1 shows the evolution of tracer variance spectra for different three wave configurations with varying
amplitudes. As in Figure 3d, tracer variance spectra evolve much more slowly for small‐amplitude waves, where
ϵ1 = ϵ2 = ϵ3 = 0.1 (dashed curves) than for finite‐amplitude waves, where ϵ1 = ϵ2 = ϵ3 = 1 (solid curves).
The low‐amplitude cases exhibit nearly identical spectral evolution and comparable levels of tracer variance
decay across all three configurations. In contrast, while the qualitative behavior of the finite‐amplitude cases are
similar, there are differences in the magnitude of tracer variance decay across the three cases.
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Appendix D: Spectral Binning
To obtain a one dimensional spectrum from a two‐dimensional spectral field defined on the wavenumber space

(kx,ky), we first convert each mode to its isotropic wavenumber k =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2x + k2y
√

. The spectrum is then constructed

by grouping all modes according to their wavenumber magnitude. We define a set of non‐overlapping wave-
number bins, and all spectral values whose wavenumber magnitude falls within a particular bin are summed
together and associated with a representative wavenumber for that bin. For example, modes with 0 ≤ k < 0.5 are
assigned to k = 0.5, modes with 0.5 ≤ k < 1.5 are assigned to k = 1, those with 1.5 ≤ k < 2.5 to k = 2, and
so on. Each bin therefore collects contributions from an annular region in the two dimensional spectral domain,
yielding a discrete one dimensional spectrum as a function of wavenumber. This binning procedure is general and

can be applied to three dimensions as well, where k =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2x + k2y + k2z
√

.

Appendix E: Numerical Methods
E1. Kinematic Model Simulations

In all the kinematic model experiments discussed in the manuscript, Equation 1 was numerically integrated using
a pseudospectral method over a two‐dimensional periodic square domain of size 2π × 2π, resolved with 3842

uniformly spaced grid points. Time stepping was carried out with a fourth‐order Runge–Kutta (RK4) scheme.

Figure C1. Tracer variance spectra evolution in the three wave configurations 3W2 (a), 3W3 (b), and 3W4 (c) are shown. The
solid lines in each case correspond to ϵ1 = ϵ2 = ϵ3 = 1 and dashed lines correspond to ϵ1 = ϵ2 = ϵ3 = 0.1. Note that the
green solid lines, corresponding to t = 1000, is only partly visible in 3W3 and absent in 3W4, indicating that decay strength is
more in 3W4, followed by 3W3, and then 3W2.
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Only for the Gaussian initialization in two‐wave case, we used a periodic square domain of size 6π × 6π with
11522 uniformly spaced grid points so that the tracer stretching can be visualized more clearly.

For the two‐wave and three‐wave cases, a small‐scale dissipation term of the form D = νθΔ8θ was added along
with Equation 1, where νθ = 10− 32 is the hyperviscosity and Δ = ∂2/∂x2 + ∂2/∂y2 denotes the two dimensional
Laplacian operator. This choice of an eighth‐order hyperdiffusion ensures that dissipation acts predominantly at
the smallest resolved scales, allowing a wide range of inviscid scales to be sustained in the flow. For the Gaussian
blob case, because of the domain size difference, we used νθ = 10− 42.

For kinematic experiments involving more than three waves, in addition to the dissipation term described above, a
forcing term was introduced as in Equation 18 to achieve a statistically steady state for the tracer field. This
forcing was implemented in spectral space by maintaining the initial tracer variance at small wavenumbers
throughout the simulation. Specifically, we maintained the tracer variance at wavenumber k =

̅̅̅
2

√
.

E2. Rotating Shallow Water Simulations

The rotating shallow water (RSW) model in nondimensional form is given by

∂v
∂t

+ f × v + ∇h + βv ⋅∇v = Fv − Dv (E1a)

∂h
∂t

+ ∇ ⋅ v + β(∇ ⋅ (hv)) = Fh − Dh. (E1b)

Above, v is the velocity field and h is the height field. f = f ẑ with f being the inertial frequency and ẑ is the unit
vector in the z direction. We set f = 1 in our simulations. The nondimensional parameter β, the Froude number, is
defined as the ratio of flow velocity scale to the phase speed of non‐rotating gravity waves. We chose β = 0.1, a
small value, placing the system in a weakly nonlinear regime. In such a limit, we can perform a decomposition of
the velocity field into balanced mode, which satisfy geostrophic balance condition, and wave modes which are an
exact solution of the linear part of Equations E1a and E1b. This decomposition is used in several previous works
(Majda & Embid, 1998; Remmel & Smith, 2009; J. Thomas & Yamada, 2019; Ward & Dewar, 2010;
Warn, 1986). The termsFv and Fh denote the forcing on the velocity and height fields respectively. These forcings
are the same as those used in J. Thomas et al. (2024) and we refer to Appendix A therein for more details. The
hyperdissipation terms for the velocity and height fields are denoted as Dv = νΔ2v and Dh = νΔ2h with
ν = 8.45 × 10− 8 such that the terms restrict dissipation to the smallest resolved scales in flow. More details on
obtaining the nondimensionalized equations, decomposition of flow, and implementation of the forcing can be
found in J. Thomas et al. (2024).

In the dynamic RSW model, both the flow and tracer equations were evolved simultaneously using a pseudo-
spectral method in a periodic domain of length 2π in each direction, discretized on a 7682 grid. Time stepping for
both the flow and tracer was carried out using the RK4 scheme. The tracer equation, Equation 18, was evolved
using the velocity field from RSW equations at each time step, where the dissipation term for the tracer equation
wasD = νθΔ2θ with νθ = 8.45 × 10− 8. The forcing was same as in the kinematic model experiment with more
than three waves. To eliminate aliasing errors arising from nonlinear terms, the standard 2/3 dealiasing rule was
applied, which retains only the lowest N/3 positive and negative wavenumbers in each direction, where N is the
total number of grid points in each direction.

E3. Boussinesq Model Simulations

The Boussinesq equations in nondimensional form are

∂v
∂t

+ ẑ × v + ∇p + Ro(v ·∇v + w
∂v
∂z

) = Fv − Dv (E2a)

∂w
∂t

+ α2(
∂p
∂z

− b) + Ro(v ·∇w + w
∂w
∂z

) = Fw − Dw (E2b)
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∂b
∂t

+ w + Ro(v ·∇b + w
∂b
∂z

) = Fb − Db (E2c)

∇ · v +
∂w
∂z

= 0 (E2d)

where v = (u,v) is the horizontal velocity vector, w is the vertical velocity, p is the pressure, b is the buoyancy,
and ẑ is the unit vector along the vertical direction. The parameter Ro is the Rossby number, which is the ratio of
inertial force to the Coriolis force and α is the ratio of buoyancy frequency to the inertial frequency. In this study
we restrict ourselves to low Rossby limit by using Ro = 0.1 and set α = 20. The variables Fv, Fw, and Fb in
Equations E2a–E2d denote forcing on the flow fields v, w, and b respectively. The dissipation terms are Dv, Dw,
and Db which are represented as νΔ83Dv, νΔ83Dw, and νΔ83Db, respectively, where ν = 10− 32 and
Δ3D = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is the three dimensional Laplacian operator.

As in the RSW model, here also we can decompose the velocity field into a balanced part which satisfies the
geostrophic and hydrostatic balances, and a wave part which obeys the linear part of Equations E2a–E2d in the
absence of forcing and dissipation (Bartello, 1995; Herbert et al., 2016; Hernandez‐Duenas et al., 2021; Smith &
Waleffe, 2002; J. Thomas & Daniel, 2020). The linear wave part follows a dispersion relation, in nondimensional

form, given by ω2 = α2 ( k2h + k2z )/ ( k
2
h + α2k2z ) where kh =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2x + k2y
√

is the horizontal wavenumber and kz is

the vertical wavenumber. We have used the same numerical setup, which include the forcing and dissipation
terms, as in Sanjay and Thomas (2025) to obtain a steady state wave‐dominated flow. See Appendix A of Sanjay
and Thomas (2025) for more details on the forcing scheme.

For the Boussinesq model, the full set of equations and the tracer advection Equation 21 were integrated
simultaneously in a three‐dimensional periodic domain of size (2π)3, discretized with 3843 grid points. The
dissipation term for the tracer equation was D = νθΔ8θ, with νθ = 10− 32 and as in the kinematic and RSW

simulations, the tracer was forced to maintain constant variance at k =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2h + k2z
√

=
̅̅̅
2

√
, thereby sustaining a

statistically steady state. Time integration for both the flow and tracer equations was performed using the RK4
method and 2/3 dealiasing rule was implemented to prevent aliasing errors.
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